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Abstract. In this paper, we employ Meyer wavelets to characterize multipHer spaces be- 
tween Sobolev spaces without using capacity. Further, we introduce logarithmic Morrey 
spaces M^'piW^) to estabhsh the inclusion relation between Morrey spaces and multiplier 
spaces. By wavelet characterization and fractal skills, we construct a counterexample to 
show that the scope of the index r of Ml-'p(B") is sharp. As an application, we consider a 
Schrodinger type operator with potentials in Mj-J(R"). 

1. Introduction 

A function g is called a multiplier from H'^''-''{R") to (R") if for every function / 6 
H'+'''P(R"), the product 6 //'-''(R"). We denote by X]. j,{W) the class of all such functions 
g. As useful tools, multipliers on the spaces of differential functions are applied to the study 
of various problems in harmonic analysis and differential equations. For example, the 
coefficients of a differential operator can be seen as multipliers. For a function u belonging 
to some Banach space, M. Cannone reminded us that the non linear term can be regarded 
as the product of a function u in this Banach space and a multiplier u. M. Cannone made 
many contributions on nonlinear problems. See |[T] |2] |3] IS]- For more information on 
both multiplier spaces and PDF, we refer the readers to V. Maz'ya and T. Shaposhnikova's 
celebrated monograph |[T0) and their recent work. 

In ITOl . V. Maz'ya and T. Shaposhnikova gave many characterizations of different kinds 
of multiplier spaces. For example, they obtained that for f > 0, r > 0, 1 < p < n/{r + t), 
the multiplier spaces XJ.^/R") can be characterized by capacity on arbitrary compact sets. 
The multiplier spaces X'^(R") are defined as follows. 

Definition 1.1. (|101) Fix 1 < p < oo and r,t >0. The multiplier space X,'.p(R") is defined 
as the set of all the functions f{x) such that 

ll/llx;.,(R») := sup WfgWmpm < °o. 

kllHf+'-./>|I:»|<l 
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For a compact set e c R", the capacity cap(e, //'■'') on e is defined by 
cap(e, H''^) - inf {||m||^,.„(jj„j : m € .S, m > 1 on e}, 
where S is the Schwartz class of rapidly decreasing smooth functions on R". 

Lemma 1.2. (HO)) G/ven r > 1 > 0. 

fij Fori <p < ii/{r + t),fe X^pCR") i/an^f o«fy if 

I II(-A)'/VIIl"(.) Il/lbw \ 

sup 1 — < oo. 

(ii) For I < p < n/r and any cube Q with length less than 1, the capacity cap(2, W''') 
is less than C\Q\^-P''I". 

Our motivation is based upon the following consideration. For complicated compact 
sets, it is very difficult to compute the capacity. The main aim of this paper is to give some 
wavelet characterizations and introduce some sufficient conditions which can be verified 
easily. Precisely, for r > 0, f > and t + r < 1 < p < n/{r + t), we will give a character- 
ization of the multipliers from H'^'''''(R.") and H'''''(R.") by Meyer wavelets without using 
capacity. See Theorems l3.3l Also our method can be applied to study the relation between 
multiplier spaces and Morrey spaces. To deal with the case f > 0, we have to introduce the 
almost local operator T'. See §2. 

Lemma [L2l implies that the multiplier space Xl.j,{W) is a subspace of Morrey space 
M'^(R"). It is natural to ask if the reverse inclusion relation holds. Unfortunately, for 
t - 0, the imbedding Xj.p(R") c M^^(R") is not an isomorphism. In (SJ, P. G. Lemarie gave 
a counterexample to show that when « - 2r is an integer, X°,(R") ^ Mj?2(R"). Recently, 
P. G. Lemarie ||9l and Yang-Zhu 1231 constructed some counterexamples for t - and 
1 < p < n/r. 

For f > 0, we have to consider the action of the diff'erentiation, so we can not construct 
counterexample like the case f = in Il23l . Our counterexample in Theorem 15 .4 [ depends 
on our wavelet characterization. Theorem 15. 3 l and fractal skills. From this counterexample, 
we can see that the product of / € M'^^(R") and g € //'^''''(R") may produce a blow up 
phenomenon of logarithmic type on fractal sets with Hausdorff dimension « - p{r + t). To 
eliminate this defect, we introduce a logarithmic type Morrey space M'J,(R") and prove 
that forr > l/p', 

m;.;},(R") c x;._„(R") c M',.p{R") = m;;°(R"), 

where r > 0, f > and I < p < n/{r + t). See §4. 

It should be pointed out that, in the above inclusion relation, the scope of r is (lip' , oo), 
where p' is the conjugate number of p. In §5, our counterexample implies that, for 
< T < lip' , there exists some function / e M';Jp{W), but / ^ X[p{W). See §5 for 
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the details. Theorems 15.31 and 15.41 illustrate the difference between Morrey spaces and 
multiplier spaces. 

Another motivation is that the results about multipliers on Sobolev spaces can be ap- 
plied to the study on partial differential equations. For example, in 11X11 . V. Maz'ya and 
I. E. Verbitsky considered the multipliers from H^--(R") to //"''^(R"). For a Schrodinger 
operator L - I - A + V, they got many sufficient and necessary conditions such that V 
is a multiplier from H^'^(R.") to //"'"^(R"). For more information, we refer the readers to 
lElIIOlinilTl and the references therein. 

As an apphcation of our results, we consider the solution in Sobolev spaces //'^'■•''(R") 
to the equation: 

(1.1) (i + (-Ay'^ + v)f = g, 

where g e H'-i'(R") and V e M';^p{W) with r > Q,t > 0, I < p < n/{r + t), t > 1/ p' . If V is 
a function of Holder class, one usual method to deal with equation dl.ll ) is the boundedness 
of Calderon-Zygmund operators. As a function in the logarithmic Morrey spaces M';^(R"), 
V may be not a L°° function. In §6, by Theorem |4i8] we prove that for V{x) e M,';]i(R"), 
the above equation dl.ll ) has an unique solution in the Sobolev space //'^'"''(R"). 

In this paper, we use four tools in analysis. One is the multi-resolution analysis intro- 
duced by Y. Meyer and S. Mallat in 1990s. The other is the almost local operator T'. See 
§2. By the projection operators generated from multi-resolution analysis, S. Dobynski (cf. 
im ) obtained a decomposition of the product of two functions. In order to adapt to our 
needs, we make some modification to Dobynski's decomposition. The third main skills are 
to use combination atoms and to introduce some differential methods. The forth main skill 
is to choose special functions such that their wavelet coefficients restricted on some fractal 
sets. See §4 and §5. 

Our paper is organized as follows. In §2, we state some notations and known results 
which will be used throughout this paper In §3, we give a wavelet characterization of 
the multiplier spaces X'.p(R."). In §4, we introduce a class of logarithmic Morrey spaces 
M':^p(R") and get a very simple sufficient condition of X'^^iW). In §5, for m;.J(R"), we 
construct a counterexample to prove the sharpness of the scope of the index r obtained in 
§4. In the last section, we consider an application to PDE problem. 

2. Some preliminaries 

In this section, we state some notations, knowledge and preliminary lemmas which will 
be used in the sequel. Firstly, we recall some background knowledge of wavelets and 
multi-resolution analysis. 

We will adopt real-valued tensor product wavelets to study the multiplier spaces in this 
paper Let £„ = {0, 1)"\{0). For e = (respectively, s e E„), we assume that <f (jc) is 
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a scaling function (respectively, wavelet). In the proof, we use only Meyer wavelets and 
regular Daubechies wavelets. We say a Daubechies wavelet is regular if it has sufficient 
vanishing moment until order m and <f(x) e C")'([-2*^, 2*^]), where the regularity exponent 
m is large enough and M is determined by m, see lfT3l [TSll for more details. For any 
e e {0, 1)", 7 e N and /t e Z", we denote O^j(x) = 2j"/^<i>''(2jx - k). In addition we define 

A„ = {(e, k):Ee {0, 1)", ; e N, e Z" and e 0, if ; > o}. 

For fixed tempered distribution /, if we use wavelets which is sufficient regular, then we 
can define f^^, - (f, 't''^^). And the wavelet representation f - 2 f^k^^k holds in the 
sense of distribution. 

Let jvj, j e z| be an orthogonal multi-resolution in L^(R) with the scaling function 
(S>^{x). Denote by Wj the orthogonal complement space of Vj in Vj^p that is, Wj = Vj^j 
V] . Let jo' (jc - k), keZ^he an orthogonal basis in . For e = (ei , ■ ■ ■ , e„) e {0, 1 )", 

denote <b'={x) = n(D"'(x,). For Vj = |/(x) = 2 /°^.<I>°^(x), where {/0)teZ" e /^l and 

1=1 I, keZ" •'■ ■'' ■'' J 

= {fix) = 2: where {fJ,],eE,„kez- 6 ^-1, we have 

Lemma 2.1. {Vj, y e Z) w an orthogonal multi- resolution with the scaling function <^^Hx). 
Wj is the orthogonal complement space ofVj in Vj+i, that is, Wj — Vj+i Vj. Further 
(O':^, (e, k) e A,,} is an orthogonal basis in Vq Wj - L^(R"). 

Denote by Pj and 2^ the projection operators from L^(R") to Vj and Vt^y, respectively. 
By Lemma [ZTl S. Dobynski got a decomposition of the product of two functions / and g, 
which is similar to Bony's paraproduct (see ||4]). Denote 

A„ = {(e, s', j, k, k'), e, s' 6 {0, 1)"\{0), j > 0, k, k' e Z", (e, k) + (e, k!)]. 

By the projection operators P j and Qj, we divide the product of /(x) and g(x) into the 
following terms. 

f{x)g{x) = Po(/)Po(^) + P^f^QAs) + 2 Qj(f)Pj(8) 

A„ A„,£#0 

To facilitate our use, we make a modification to the above decomposition and use spe- 
cial wavelets for different cases. Let A' be a positive integer We decompose the product 
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f(x)g(x) as 

CO 

fg^J] [Pj^df)Pj^dg) - Pj{f)Pj(g)] + Po(f)Poig) 



(2.1) 



£ [Qjif)Qji8) + Pjif)Qji8) + Qjif)Pjig)] + PN{f)PNi8) 



j=N 



and the term 2 Qj(f)Pj(g) can be decomposed as 



(2.2) 



;=A' j=N 1=1 j=N 

oo N OO 



t=l j={) 



For any ; € N and /t = (ki,k2, . . . ,k„) e Z", let Qj, ^ = H [2"-''ts, 2"^(/t, + 1)] and 

denote by Q the set of all dyadic cubes Qj^ t . For arbitrary set Q, we denote by Q the 
2*^+2 -multiple of Q. Finally, let;\f(x) be the characteristic function of the unit cube go and 
X be the characteristic function of Qq. 

In 1970s, H. Triebel introduced Triebel-Lizorkin spaces Fp'^(R.") ( ITtI ). Many function 
spaces can be seen as the special cases for Fp*(R"). For example, Fj'^(R") is the fractional 
Hardy space. For 1 < p < oo, Fp~(W) are the Sobolev spaces H'''^(R"). For p - oo, 
FJ'^(R") is the fractional BMO space BMO'iR") which is defined by BMO'iR") := (/ - 
Ay^^BMO(R"), where / is the unit operator, A is the Laplace operator Here BMO(R.") 
denotes the non-homogeneous bounded mean oscillation space which is defined as the set 
of the functions such that 



sup I/qI = sup 
IGI=1 G M 



I f{x)dx 

JQ 



< C 



and 



sup^fl/U)-/„l=^.<~. 

IGI<1 Ivl Jq 

For 1 < /7 < oo and r 6 R, it is well known that (Fp'-(R"))' = f ^/''^(R"). The following 
lemma gives a characterization of Fp^(W) by Meyer wavelets and regular Daubechies 
wavelets. For the proof, we refer the readers to [l20] 
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Lemma 2.2. (i) For I < p < oo and \r\ < m, using Meyer wavelets or m-regular 
Daubechies wavelets, we have the following equivalent characterizations, 

(e.j,k)£A„ 

^l/2 



\(E,j,k)eA„ 



2 2^j^^^'"\lfxi2^ - k) 

\(e,j,k)eh„ 



J 

xl/2 



< oo. 



(ii) Given \r\ < m. g{x) — 2 S'^- k'^'^k^-'^'^ ^ F''^{W^) if and only if there exists \ < p < oo 
such that for any Q e Q., 



2 2'j^'-^"/\lfxi2' - k) 

seE„.Qj,tcQ 



1/2 



<C\Q\ 



The wavelet characterizations of function spaces have been studied by many authors. In 
Chapters 5 and 6 of lfT3l . Y. Meyer established wavelet characterizations for many function 
spaces. In 1221 . Q. Yang, Z. Cheng and L. Peng considered wavelet characterization of 
Lorentz type Triebel-Lizorkin spaces and Lorentz type Besov spaces. In 1201 . Q. Yang 
introduced the wavelet definition of Besov type Morrey spaces. W. Yuan, W. Sickel and 
D. Yang considered the atomic decomposition for Besov type Morrey spaces and Triebel- 
Lizorkin type Morrey spaces in Il24l . 

Morrey spaces Mj^^(R") were introduced by Morrey in 1938 and play an important role 
in the research of partial differential equations. In 2003, Wu and Xie |fT9l proved that 
generalized Morrey spaces are also generalization of Q-type spaces. In recent 20 years, 
g-type spaces are studied extensively (cf l6l [T5ll20ll24l ). 

Let /,_i2 be the mean value of (/ - A)'^^/ on a cube Q, 



\\J\ Jo 



f, 



The Morrey spaces M'^(R") are defined as follows. 



Definition 2.3. For 1 < p < oo and r, t > 0, the Morrey space M^^(R") is defined as the 

I that sup I/, qI < C and 

IGi=l 

|(/ - Af^f(x) - f.af dx < ciei'-''*'-^"/". 



set of the functions / such that sup |/, q| < C and 

IGi=l 



I 



where Q is any cube in R" with \ Q\ < I. 

In |fT5ll24ll . the authors proved that Morrey spaces Mj^p(R") can be also characterized 
by wavelets. We state it as the following theorem and refer to l24ll for the proof. 
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Theorem 2.4. Given f e R, 1 < /:> < oo and < p(r + t) < n. 



if and only if for any 2 € Q with \Q\ < 1, 



p/2 



dx<C\Q\^-i'^''^'^'". 



r ^ v''"-^'^\fj/x(2'x-k) 

By Lemmas 1 1.21 and I2T2I the multiplier spaces XJ.^,(R") are also subspaces of Morrrey 
spaces M;.p(R"). 

Lemma 2.5. Given r > 0, r > and I < p < n/(r + t). Iff e X,'.p(R"), f/ze« /(jc) G 

Now we give two lemmas about the fractional BMO spaces BMO''{R"). In the first 
lemma, we prove that Morrey spaces Ml.p(R.") are subspaces of BMO''{W). 

Lemma 2.6. For r > 0, t>0 and I < p < n/{r + t), m;^(R") c BMO^iW). 

Proof. For any dyadic cube Q, we have 



r ^ 2^"-'-J'-\fj/j^i2^x-k) 

^ [EeE„,Qjj,cQ 

r( 



\eeE,„Qj,tCQ 

< C\Q\. 



p/2 



dx 



Lemma 2.7. Suppose r > and f = 2 fr^^i^ix) 6 BMO''(R"). The wavelet 
coefficients of f satisfy 

I// J < C2<'-"/2)i, Vfi e {0, 1)", jeN,ke Z". 

Proof. Take 7 € N and k eZ". We consider two cases s e £„ and e = separately, 
(i) For any s e E„, by the definition of BMO''(R."), we get 



j {2'"-^''\f]/x&x - k))"- dx < CT>\ 



It is easy to see that < C2^<'-"/''. 
(ii) For e = 0, 
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Because 



] <J 



C2''j, we have l/^J < C [T^ , \^]k'^x)\) < C2*-" 



'-nlD 



Let>F' and^2|3gj^Qfunj.jjQnsjn(-A<(|-_2M+i 2M+i]«)^jjhvanishingmoments ^ x'"¥'{x)dx = 
0, where \a\ < ji and i - 1,2. Denote 

The following lemma can be found in Chapter 8 of [fT3| or Chapter 6 of Il20l . 

Lemma 2.8. Given \^\ < m. For \s\ < jj., the coefficients aj^k,j',k' satisfy the following 
condition: 

^■i) \ajXf,k'\<CZ \2-J + 2-j' + \k2-J-k'2-r\j ' 

By wavelet characterization of H'''''{W), the continuity of Calderon-Zygmund operators 
on H''-P('R.") is equivalent to the following lemma. We refer the readers to |[T3l [T4l |20l for 
the proof. 

Lemma 2.9. Suppose s > \r\ and g{x) = ^ S%^%ix) & H^'PiW). Let f*:^ = 



2 ^''■'t V k'g'^' I'- If the coefficients a'^.'f ., satisfy the condition l\2.3[ , then we have 

(£,j,«:)eA„ J' J ' J' 'J' 



2 2j^"^^%/x(2' - k) dx<c\ ^'^"'^\)/x{'^'-k) dx. 

.(e,j.k}eA„ ) ^ \(B,j,k)eA„ 

We say that T is a local operator if there exists some constant C > 1 such that for all 
X € W and r > 0, T maps a distribution with the support B{x, r) to another distribution 
supported on the ball B(x, Cr). If r/2 is not a non-negative integer, the operator (/ - A)'^^ is 
not a local operator Now we use wavelets to construct some special fractional differential 
operators T', which are almost local operators and will be used in the proof of our main 
result. 



Definition 2.10. For f > and h{x) - 2 /i^^<]>^^(x), we define an operator T' corre- 

{B,j,k)eA„ ■'' ■'' 

sponding to the kernel /r'(x,3') = 2 2"'"<[)':^(x)<l)';^(3') as 

(£,,/,A-)eA, ■'' ■'' 

T'hix)^ 2-^'hi,<:>%ix). 

(B,j,k)eA„ 

It is easy to prove that is the identity operator and ||r'/2||£p 
Furthermore, we have 



I/jIIh-'p for 1 < p < oo. 



Lemma 2.11. Suppose t > 0. For any Qj^k & ^ and x e Qj^k, 2-'<"/--"|/i'^'^.| < CMT'h{x), 
where M is the Hardy-Littlewood maximal operator 
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Proof. If f = 0, the proof was given by Meyer lfT3l . Now we consider the case f > 0. Since 
T~'<^°{x) - J K^'ix,y)^°iy)dy, it is easy to verify that 

< c(i + \x\r"-'. 

By the fact that f > 0, we have 

2j(«/2-0/,o^ = 2^("/--" {rh(x), T-'^l^{x)) = V"'^ {t'Kx), {T-'<^°)j,t(x)) . 
Hence we can get 



l2A«/2-o/,o^l ^ 2>/2|^r'/i(x), (r-'<i)°),;,w)| 



h{x)\2 



;n/2. 



dx 



(1 + \2Jx-k\)" 



r \T'. 

J\2'x-k\<l 

2-'"M{T'h)ix) + ^ 2-"M(T'h)(x)2 



dx 



J2'-'<<|2.'.v-Ai<2' (1 + |2^X - k\y+'^ 



< C2-'" 7-J"MiT'h^(Y^ -I- \ l-"M(T'h\(Y\l-l" 

< CM(T')h(x). 

This completes the proof of Lemma |2.11| □ 

In the rest of this section, we give a decomposition of Sobolev spaces associated with 
combination atoms. For |r| < m and g{x) - J] g*; ,0'; , (x), denote 

(B,j.k)eA„ ■'' ■'' 



S rgix) = 

and for f = 0, denote also Sg{x) = Sogix) 



2 2j^''"\lfx(2'x-k) 

y(B,j.k)£A„ 



1/2 



Definition 2.12. Given r € R, A > Q. For arbitrary measurable set E, we say that g{x) is a 
(r, /I, £')-combination atom, if supp(5 rg) c £ and S rg{x) < /i. If £ is a dyadic cube, then 
gix) is called a (r, i, £')-atom. 

In 121)1 . Q. Yang introduced the combination atom decomposition of Lebesgue spaces. 
In this paper, we need a similar result for Sobolev spaces. 

Tlieorem 2.13. 7/"! < p < oo, |r| < m and II^Hh'j' ^ 1, there exists a series o/(r, 2'', £,,)- 
combination atoms gv{x) such that 2 2'^''|£'i.| < C. 



Proof. Denote 



§ rgix) = 



2 2j^''"\lfxi2^-k) 

\{B,j,k)£A„ 



1/2 
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For V > 1, let = |x : S rg{x) > 2''|. By wavelet characterization of Sobolev spaces, we 
have 2 ^''^'lEvl < C. Let E^, = IJ g'*', where Q'"' are disjoint maximal dyadic cubes with 

veN / 

< 1. Let g,, ; be the set of dyadic cubes contained in Q'-' but not in Ey+i, g,, - (J g,,,; 
and 5o = U Sv- Let Eq = {x e Q,Q e 5o) and we can write also £0 = U 2°''' 

V>1 / 

where 2"-' are disjoint maximal dyadic cubes in Q. The related set "Soj is defined as 
5o,/ = {fi c e">' and e e So). 

For any v > 0, we write g,,j{x) = ^ ^u'^U^^) ^"'^ Svix) = 2 g^^(D^^(jc). Then 
gv(-x) is a desired combination atom. This completes the proof. □ 

3. Wavelet characterization of the multiplier spaces 

In this section, we use Meyer wavelets to characterize the multiplier spaces XJ^^CR"). For 
any g € H''P{R"), let = [gix), IJ^^'^fil-'x - k)). Let (^(x) be a function satisfying 
> 0, e C^(fi(0, 1)) and / ^{x)dx = 1. For any g e H''P{E!'), define gj,^ = 
2^"<5(2Jx - /t)). The function spaces S'^^iR") and 5;^/(R") are defined as follows. 

Definition 3.1. Given r > 0, f > and r + t < I < p < n/(r + t). 
(i)Wesay/We5;:^,(R«)if/W= 2 and 



2 2^<-20|^O^|2|^^|2^(2^'^_^) 

\{B.j,k)eA„ 



p/2 



dx < C, 



where g 6 H'^'-p{W) and ||^||h--(R'.) < 1- 

(ii) We say f{x) e Sf;; (R") if f{x) = 2 /f^<l)%(x) and 



V(£,;,t)eA„ 



\P/2 



dx < C, 



where g 6 //'•+'-"(R«) and ||g||H,«..(R..) < 1. 



Now we give a wavelet characterization of the multiplier space X'^(R"). Let O'^ix) and 
0^(x), s e £„ be the scaling function and wavelet functions, respectively. For (e, j, k), 
(e', /, k'), (e", /, k') e A„ and / e Z", let 

and 

Furthermore, for < i < A^, e' e £„, I e Z" and + |e - s'\ + \l\ + 0, let 
The following lemma is obtained in lfT3l . 
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Lemma 3.2. There exist sufficient big integers N, Ni and N2 such that min {A^, N\,N2] > 
8« + 8m and the following estimates hold. 

(i) If(e, j, k), {e', /, k') e A„, I e Z" and j > f , then 

^ c(i + i/i)-'^'2«^-'/2+^"->(i + \k' -v'-'^r'^^ 

(ii) If{B, j, k), (e", /, k') e A„, < < A^, e' e E„, I e Z" and j > f, then 

K^W'I + \l\)-^'2"j''^^j'-j{l + \k' -2j'-jk\)-^\ 

(Hi) If is, j, k), (s', f, k') € A„, I € Z" and j < f, then 

\af^',j,^,\ < C(l + |Z|)-'Vi2-"^"/2+«>+^0--/)(i + \k-2j-^'k'\)-'^\ 
(iv) If(B, f k), (e", /, k') e A,„ Q<s<N,s'e E,„ I e Z" and j < f, then 

\a^jj/^,\ < C(l + \l\)-'^'2-"j''-^"j^^'^j-j'\l + \k-2j-j'k'\)-'^\ 

Theorem 3.3. For f > 0, r > and t + r < \ < p < njit + r), there exist two equivalent 
relations between X;^(R") and M[p{W'). 

(i) f G X^,/R") if and only iff e M^_/R") and f e S',.p{R"). 

(ii) f 6 X'^JW) if and only iff G Mj_^(R«) and f e SffM")- 

Proof. Let and O'^ be the scaling function and wavelet functions of Meyer wavelets, 
respectively. There exists an integer N > 3 such that J x"<t>'^(x)0^(2'^x - k)dx = 0, e 
Z", a G N", e E„. Denote by A^,,, the set 

{(s, s, l),0<s<N,s'e E„, I e Z", \l\ < 2(*^+2+.)« ^^^^ if ^ = 0, then (0, e, 0) ^ (0, e', 0)} 

Let h(x) be any function in (R"). We prove that for / 6 M',.JW') n S'^/R"), fh 6 
H-'-'-P'(R") and 



(R..) < C||/||M;p(R")nS^,p(R")ll'j|lH-'.f''(R«)- 



In fact, if the above inequality holds, we have 



Il/ll, 



sup II/§IIh'/'(R") 



sup sup I ifg, h) I 

II?IIh'-+'.p(r")S1 l|/i||„-,,p',g„| 



sup sup I {fh, g) I 

ll«llH«f.P(E")<l ll'l|l«-,,,/,n„, 



< 



sup sup \\fh\\if-,-r,,' 



(R'')II^IIh'"-"(R") 



< 



Il/ll m;_p (r« )ns (R" ) 1 1^ I \h'*'i' (R" ) • 



Hence we can get X\^p{R") c m;,^(R") n ^^^CR"). 
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Now we begin to prove the above inequality. At first, we give a wavelet decomposition 
of the product of fh. Denote 

= {Z = (/i,... ,l„) 6 Z",0 < // < 2^^ - 1,/ = I,-- - ,«}. 

For s e E,„ I e Z", \l\ < 2('*^+2>, (^/^ g ^^ ^^ ^j^j^^jg 

jeli,keZ" leZ" 
>eN,<:eZ" /eZ"\{0) 

jeN.keZ." 

- Z Z^°*''0,A.^/4'0,A.(^)4>0,A../W- 

*eZ" teZ" 

Further, for any s,s' e E„,0 < s < N or s = and e + e' , denote 

;eN,/leZ" /eZ" 

By the formulas ( 12.1b and ( 12.2b . we can divide f(x)h{x) into the sum of the above five 
terms, that is, 

f{x)h{x) = 2^1-'^+ Z ?^2,.,,.,.'W + 2 r3,, + 2 r4,, + TsW 

£££■„ 0<s<N,e,e'eE„ eeE„ BeE„ 

5 



If ,g(;c) 6 //'+'■•''(»"), g{x) = 2 For e, e' e £„ and < i < A^, we define 

{E,j.k)eA„ ■'■ ■'■ 

Ti,e - J Ti^eix)g(x)dx and T2,s,e.e' - J T2,.s,B,e'(x)g{x)dx. Let 

;eN,*:eZ" j>j'>Q.B',k'eZ" 

j£N,ke2" j<j',E',k' eZ« 
7eN,/teZ" ;■>/>(), e", A-'eZ" 

and 

7^2, 2, .5, £,£',/ = ^ ^ l/jVi, 2'Ajl'«j,/tlKiX^'^e^ 

7eN,j(:eZ" j<j', b", k 

It is easy to see that 

\TiJ < ^ + ri_2,£,/) and |r2,i,e,£'| < ^ (7'2,l,i,e,£'/ + r2,2,j,£,e',/) ■ 

/eZ" /£Z" 
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Let S igj'ix) = 2 2' i^,xi2^ X - k'). For fixed x, there is only one k' such that 

e',k' ' 

X&' X - k') Q and the number of e' in the sum is finite. Then the operator Stgyix) is 
equivalent to the following one; 

\l/2 



Sigj'ix) 



Y,2'i''""'\i,,\\(V'x-k') 



\s' ,k' 



Let M be the Hardy-Littlewood maximal function. Then if j < /, Vx e Qj^k^ we have 

k' 

Now we estimate the quantities T\ \ i:^i, Ti^2,e.h T2,\,s,e,E'j and T2Xs,e,E'.i separately. 
(1) For / < j, we have 

j,k j>j',B',k' 

By Lemma [32] we know 

By LemmaO / e M^_^(R") c BM(9' (R") implies |/^^| < C2('-"/2)>. Now we can get 



\l/2 



teZ" A-,>>/ ' 



(l + \l\f'(l + \k' -Ij'-JkD'^^- 



dx 



k' \ £' 



1/2 



,-/(r+r+«/2) 



(1 + \k' - 2}'-jk\)^^- 



2j(->./2-,)2j(n/2+t)^^ 



X S 

A- 

< r y 23«//2-/('+^+n/2)+(/-;)+(r-«/2U+,-(«/2+02-/«5,^,.^ .,(^)M(5_,/l,-)(^)£/x. 



j>j' 



Because < f + r < 1, 

Y^TuUsJ < ^2(^'-^>+('-+'>^-''(^+" J S,^rgj'(x)M(S-,hj)(x)dx 

^2(^-'-^->('-'-')||g||H-.,.(R",l|/j|lH-y(R") 



/eZ" 



i'-j)+(r+t)j-j 

j>j' 

< \ 9(/-y)(l-''-')| 
^ C| l/f'+'--"(R")PI Ih-'-p' (R") ■ 



Now we estimate the term 



T2xs.s,s',,{x) i/;;;pk2'A./ii«^5';^ii4;*'i- 

j,k j>j'>0 
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Because / e M'^^iW) c BMO'iR"), by Lemma O we have \fjlj < C2'^'-"l^-^i . By 
Lemma [J!2l 

^ C{\ + \l\r^\\ + \k' - 2i'-jk\)-^^-2"i'l-^^j'-i\ 

We can get, similarly, 

zez;;, lei;;, j,k j>f>o 

- Zj Zj Zj (1 + 1/1)^1 (1 + _ 2/-J;t|)''2 

/eZ'; j,k j>j'>0 

< rV V r23"/-/2+(/'-/)+('-"/2)/ y ^SyjlT^i^.g.kJxi^' ^ - 

" 4y./>o^ ^4(l + |/|)'v.(l + |fc'-2/-./^|)^'^ 



j>/>0 

it-sllLP' (R") 

< C\\g\\H'+r.„(fi»)\\h\\H-'-P'(ii:y 

(2) If / > j, the estimates of the terms Tixej and T2Xs,s,e',i are easier than those of Ti^i^^j 
and T2,\,s,e,s',i- For example, we estimate the term 

0<j<j',£',k' 

Because / € m;.^,(R") c BMO'CR"), by LemmaO |/]\_^,| < €2'-'-"'-^^. By Lemma[l2l 

^ <^(1 + I'D^'^'Cl + I't - 2^'-^"/fc'|)-'^=2-"^"/2+«j+A'0-/)_ 
Because 2"-' Jx(2^x — k)dx = 1, we can obtain 



Z^..2..^czz Z ^'-"'''^ 



-nf/2+nj+N{j-f)_ 



leZ' lei." i,k 0<j<j',s',k' v i 1/ v i 1/ 

^ r 2''--"/^^ 12-"''/^+" '^^'-'-'"12"' '"'j-k"^j'.k'^'-^ 

/eZ" 0<j</,£:',F 



|/i^Jgj:,,br(2^X-^) 

(1 + + \k-2j-j'k'\)^^- ' 



< r 2''"-"/->2-"-''/-+"-'+'^'-'--'''2''^'2-''^'2--''<-"/2+/+/)^5^^ _ 

< C ^ r 2<''-"/2W2-"^''/2+«i+^O--/)2-i(«/2-02-/(-W2+f+r)y^^^^^(^.,-)(^-)5_^(;j^.)(^^ 

o<j<j' 

< C\\g\\H'*r.i'(W.'')\\h\\H-:p'(K'y 

The estimate for T2Xs,b,s',i{x) can be obtained similarly. By the same methods used in (1) 
and (2), we can get the estimate of the term Ts- We omit the details. 
(3) Now we consider the term 7^,^^. We have the following claim. 
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Claim 1: Given r > 0, f > and t + r < I < p < n/(t + r). Iff € BMO^i^"), then 

I {TXs{x),g{x)) I < C||g||ff+r.p(R„)p||^-,,/(g„). 

In fact, for I € Z;^,, (e, k) € A„ and /' € Z", let 
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We have 



I (r3,,(x), g{x)) I 



/ 1 Zj i,k+l'6j+N,2^k+lJi+N,2'''k+l 



I/; 



ieZ^ (E,j,k)eA„ V/'eZ" 

Because (Fj''(R"))' = fiMO''(R"), by Lemma lZTTl we have 

< C^II/IIbmo- ff Z 2^'^""''^''fZ2^'''"'i'4..ii<M2«^^^ 



WBMO' 

leZ'lj ^ \(e,j,k)eA, 

f 

< CWfWsMO' f Z 2^'""""* 

^ V(ej-,«:)eA„ 



.1/2 



dx 



vl/2 



X{Vx-k) 



MT'h(x)dx. 



Because 



Kk.lM^%N.2^k.M)' Z 8U'^(^U' 
{B',j',k')eA„ 



l« j+A',2"y(:+/l 

\ (e',/,<:')eA„,|/-j-A'|<2 ' 



7-n;/2 



we can get 



V(£,;,A-)eA„ \/'eZ" 

Hence we have 



1/2 



|/-/-A'|<2 



r( 

III 



2/(n+2r+/) 



U£,/,<:)eA„ 



V'eZ" 



\2 



j+N,2''k+l' 



Xil'x - k) 



dx 



- r z z Ms„rgM 

^ \i>0 \\i'-i-N\<2 J J 

< C\\g\\„n.:,.. 



x2y'/2 



dx 
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Finally, we obtain, by Holder's inequality, 

I < r3,,(x), g(x) > I < C\\f\\BMO'MH'»"mT'h\\p, 
< C\\f\\BM0M\H'»"m\H-:y. 

This completes the proof of Claim 1 . 

In order to deal with the term T4 i;{x) = 2 fjk^'jk {^'jk^-"-^) ' need the following 
estimate. 

Claim 2: For r > 0, t >Q and t + r < 1 < p < n/(r + t), fix) e S'.piR") if and only if 
I (TaA^), g{x)) I < C||§||ff«.p(R«)p||^-,,p'(R»). 



In fact, for g e H'^'^PiR"), {T^^x), g{x)) = 2 ^"^'^f'kg'^k'^'k- definitions 

iE,j,k)eA„ ■'' ■'' ■'' 

of S'.JW) and H^'''' (R"), using Holder's inequality, we have 



\{T,Ax), g(x)}\ < 



^ (E,j,k)eA„J>0 

r ^ 2J<^"-^\Jff\fj/j^(2^x-k) 



\(Ej,k)eAj,,j>0 



U£,;,*)eA„,;>0 



dx 



^ \(sJ,k)eA„,j>0 



\p/2 \^/P 

dx 



V"' \{B,j,k)£A„,j>0 

I5^,„(R")II''IIh-'-"'(R") 



Because / 6 5'^(R"), we can see that 

\{T4Ax),g{x))\ < C\\g\\H'*'--„(w.)\\h\\fj-,yf^^„y 



Conversely, let = A2^(''/2+o^4'^ ^nd rix) = 2 t': ,0'; .(jc). Denote h = 
ItI^^^t. For h(x) - Y /z*; ,0'; we write lit(x) as the function 

(sJ,k)eA„ J'" J'" 



(e,j.k}eA„ ,j>0 (e,j,k)eA„ 



It is easy to see that h e L^'iR") is equivalent to h, e H '-'''(R"). 
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By the wavelet characterization of (R"), we get 

^ \(E,j.k)eA,„j>0 
f 



dx 



\(E,j,k)eA„J>0 

(£:j-,«:)eA„ 
(£,7,<:)eA„ 



Further, we can deduce that 



r ( X'^ 



V(£j;<:)eA„j>0 



< C\\g\\H•*•■.p(B.')\\h,\\H-,,,'^J,^.) 

< C||§||„-«.(m«)||t||^{;;„). 

Hence \\t\\ip < oo and /(x) e 5J.p(R")- This completes the proof of (i) of this theorem. 
For the proof of (ii), similarly, we divide the product f{x)h{x) into the following terms 

jeN,keZ" leZ" 

+ Y fj,khlk(nk{x))--2j"<^{2jx-k)y, 

jeNMZ" 

1,0 ^0 



jellkeZ" leZ"^ I'eZ" 
jteZ" leZ" 

For e, e' e E„, Q<s<Nors-Q and e e', denote 

jeMMZ' leZ" 



By the same method used in the proof of (i), we can get the conclusion. 
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4. A LOGARITHMIC CONDITION FOR MULTIPLIERS 

By Lemma lZSl we know that the muhiplier space Xl.p(E.") c Mj.^(R"). In this section, 
we consider the reverse inclusion relation. At first we introduce a logarithmic Morrey 
spaces. 

Definition 4.1. Fix 1 </?< n/(r + f) and t > 0. We say f{x) e M',:],(W) if sup \f, q\ < C 

1GI=1 

and 



I 



JQ 

for any cube Q with \Q\ < 1. 



(/-A)2/(x)-Ae dx<C\l-log2\Q\\' \Q\ 



Similar to Theorem 12. 41 we have the following wavelet characterization of Ml'Jp{W). 
Theorem 4.2. Given t,T > 0,r > 0, I < p < n/(r + t). f{x) - 2 A'^'^j-W belongs 

(£,;,*)eA„ ■'■ -'' 

to the logarithmic Morrey spaces Mj.]p(R") if and only if 



where Q e D. with I2I < 1. 



p/2 



dx<Cil-log2\Q\)-nQ\ 



Proof. Similar to that of Theorem 12.41 the proof of this theorem can be obtained by the 
characterization of Triebel-Lizorkin spaces (see Lemma l272l ) . We omit the detail. □ 

In Q, C. Fefferman established the following relation: 

where q > p > 1 . In this section, we use wavelet characterization to give a logarithmic 
type inclusion. Let r > 0, f > 0, 1 < /:> < n/(r + t) and r > lip'. We prove that M'.J,(R") is 
a subspace of X[p{W) in Theorem l4.8l Hence, for q > p, 

m;^(R") c M';^p{R") c X'^piR") c M'^p(R") = m;.;°(R"). 

Lemma 4.3. IfT>0,r>0,t>0 and I < p < n/(r + t), f e M';^p(R") implies that 

\fl,\<C2j^'-""-Hi + j)-'. 

Proof. Because / e M''J,(R"), then for any dyadic cube g e 

\P/2 



X 



dx<c{i- log, \Q\rnQ\ 



PT\r)\\-p{r+l)in 
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We have 



\P/2 



dx 



r 2 2j^"-'%/x(2^x-k) 

f 

< c\Q\P^'^'^l"\Q\^-P^'^'^'"{\ - log2 \Q\V 

< ciei(i-iog2iei)-"^. 



dx 



For e e £■„, j e N and k e Z", take Q - Qj^k- By the wavelet characterization of BM(9''(R"), 
we get 

J {2'"-^'V]/x{Vx - k))"" dx < C2->(1 - log2 2-j'TP < C2-j'\l + jV>\ 

Then we have \Qj,k\(y^"'^-''\f'^i^)P < C2-j"(\ + jy^P and < C2i'''-"l^\l + 
When s = 0, 



Since 



2 fh%j.^^ 

j'<j 



< C2<'-"/2);(2 + y)-^then 



ForyS = Oei,j82, ■ ■ ■ ,lin),Pi e N+, define fp{x) = {djdxff. We have the following two 
lemmas. 

Lemma 4.4. For r > 0, r > 0, f > fl«(i 1 < p < n/(r + f), f/ie function f e Mr;p(R") 
implies its derivative e Mj^^j^'|'^(R"), where — Yi Pi- 
Proof. If / 6 M'JXR") and /(x) = 2 by Theorem|421 we have 



£e£„,ej.t-ce 



flfx<c(i-iog2ieirnei 



/'T"|/0|l-/'(''+f)/n 
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Denote by f^^f the wavelet coefficients of fy{x). We can get f.'^ - l^^^fj^, and 



2 2^'('-^'-2^l'|/fflV2^-;c-^) 

seE„,Qj_tcQ 

\P/2 



p/2 



dx 



\seE„,Qj_tcQ 

< c(i-iog2ieir'nei' 



dx 



This impUes that fyix) € M ' 



I"). 



To get the sufficient condition for multiplier spaces, we need to consider carefully the re- 
lationship of different dyadic cubes relative to combination atoms. Because of this reason, 
we use Daubechies wavelets in the rest of this section. 

If gu(x) is a (m, 2", £'„)-combination atom, then we denote the number of biggest dyadic 
cubes in E„ by ii. Denote by Fu,i the set {; € N, ; = 1, ■ ■ ■ , /i). If / € F„ i, we denote such 
cube by (2u,i,/- The volume of Qu,\j is denoted by 2""-'"', that is, IQu,!,/! - 2""'"'. Denote 

Eu,i = £„ \ ( U G»,i,/)- 

We denote the number of biggest dyadic cubes in Z?,,,] by 12- Denote by F„ 2 the set 
{; 6 N, i = 1, ■ ■ ■ , 12}- If i e /^i,,2, we denote such cube by QuXi- The volume of 2«,2,i is 
denoted by 2-"j"-\ that is, \Q,,2.i\ = 2-"j"-\ Denote £,,,2 = £„,i \ ( [J G«,2,,). 

We continue this process until there exists some s such that Eu^s+i is empty. For 
s' > i + 1, we denote 1,1 - and F„^s' and £„ are empty sets. Otherwise we continue 
until infinitely. Then = IJ Q,,,,,, and ,g„(-x) = 2 ,gK,i,,(-x), where = 

s>l,ief„s J>l,/eF„., 

To compute the norm of f(x)gu{x), we need to find out a special set of dyadic cubes de- 
noted by {gH,.?,a}(.5 ,i)eH such that supp§„ c IJ gH,.v,a- §«W is nearly L°° function on 

(s,i .k)eH„ 

Qu,s,i,k and satisfies the estimate of Lemma |43] We divide such process into the following 
three steps. 

Step 1. For > 1, if / e F„,, and k e Z" with \k\ < V^2<*'+3>«, we denote (/, k) e G„.,. 
Denote F„ = {(s, i, k), s > 1, (/, k) e G,,,.,}. For V(i, /, k) e F„, we denote Qu,s,i,k - 2^-'" 'k + 
Qu,s,i- For > 1, denote E^i,^- {j Qu,s,i,k- I" the next step, we choose a special 

(i,k)eG„j 

subcover to the support of gu{x). 

Step 2. We define now H„,As > 1), El s{s > 1) and Gl ^(s > 2). 

For s = 1, denote = G„,i and El ^ - E^l^. For s - 2, denote {i,k) G G\^2, if there 
exists < < ;„.i, / € Z" such that g^,/ c |J g„.2,a' and < ,g„, <l>°,(x) >^ 0. We 

know that IJ g„_2,a c j . Denote //„,2 = G„,2 \ G^, , and 2 = U 2«,2,a- 
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For 5 = 3, denote (/, k) € 3, if there exists < y < y„,2, I 6 Z" such that Qjj c 
U e„,2,a' and < g„(x), <D° >?t 0. We know that \J ftaa c U 

\k-k'\< spm^*^)" '■" (',*:)eG,',3 1S*£2 

Denote H,^ = G„,3 \ G,' 3 and 3 = \J Q„,3,i,k- 

(i,km„,i 

We continue this process until infinity. For s > 2, maybe, a party of G', //„_.s and ^ 
are empty set. 

Step 3. Let H„ - {{s, i, k), s > 1, k) e Hu,s}- It is easy to see that the support of gu{x) 
is contained in |J 

s>I 

For a (f +r, 2", £'„)-combination atom and g^^. =< gu, <1)°^ >, we have the following 
estimate. 

Lemma 4.5. Given r>0, t>0, l<p< n/(t + r) and s > 1. For (i,m') e Hu^s and 
Qj.k c Qu..,i,n', we have < C2"-"jl^2-('^'n,, _ 

Proof. By the definition of H„ s, we have 

(s',i',k')e\„ 



\s',j',k')eA„ j'>j„j I 



Because gu is a (m, 2", £'„)-combination atom, S,+r{gu)(x) < C2". Hence forevery (e', /, k'), 
< C2"2--''(''+'+"/2). We can obtain 



\8l 



,j',k')eA„ j'>j„,, I 

C2" f ^ 2-j'^''^'^2-j"''"y'"'^y"'^\Ci)'=\2j'x - k')\\0^\2jx - k)\dx 
i'>i 



< 

j'>j,,. 

< c2"2-j"'^2-^"'''-'^''' 



Theorem 4.6. Suppose that t > 1 /p', f > 0, r > and 1 < p < n/(r + t). Iff e M';Jp{R") 
and gu is a{t + r, 2", Eu)— combination atom, then for s > 1, (i, m') e //„ .5 and Q — Qu,sj,m', 
we have \\fg,.\\„..,.^Q) < C(l + j^J-'^WP. 

Proof First, for f > 0, we prove WfgjyiQ) < Cj;,\2'W- Let f(x) = 2 f'<:>%{x) 
and gu(x) = 2 , <D'; , (x). Denote by a;, the set 

(B,j,k)£A„ ■'' ■'' 

{{e, s, j, k, I), s, s € E„, (£, k) + (e, k + 1), j e Z,k,l e Z", \l\ < y/Jl2^^^-^"} . 
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For any dyadic cube Q c £„, by the formulas (12.1b and (I2.2l i. we decompose the product 
f(x)gu.(x) into the following parts. 

(s.j,k)eA„.j=j„„, |/|< V^2i"+2»" 
isJ,k)eA„.j>j„„, |/|< VH2i"+2)" 
(sJ,k)eA„.j>j„„, |/|< V^2i"+2)" 
(e.e' ,j.kJ)eA'„.j>j„„, |/|< ^2^>^*-'" 
(£,j,i:)eA,„j>j,,., 
(e,j,A-)eA,„j>j„.., 

We divide the rest of the proof into three steps. 

Step 1. For f > 0, we estimate the norm || ■ \\d'(Q) for the terms r,(x), i - 1, 2, ■ ■ ■ , 6. By 
the wavelet characterization of Sobolev spaces, we obtain 



Z /lA.3>Ii.We^''ifandonlyif 

{eJ,k)eA, 



2 2j"\fjfxi2^x-k) 

((Ej,k)£A„ 
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Denoteby 5o(/)(x) the operatorj 2 V'^rj/xilh - k)\ .We have H/H^,. - ||5o(/)lb< 



\(£,>,*)eA„ 



1/2 



(1) Because / g M^;],, by Lemmagl] 1/^ J < (1 + ;„,.,)"^2('-"/2u,„,^ gy LemmagJ we 
have 1^°^ ^ J < C2"-("'+"/2);,„_ Hgjj^.g 



xl/2 



5o(ri)W 

2 22>'-"'i/;;,„,h4,„/;r(2^'"^-^) 

UGj,il=IG;„,.al 



^ 22^"-'"(l + j,^_^)-2'-22('-«/2)i„..,22«-2(r+(+«/2);„„,22;,,,(«/2+/)^(2>"."jc - A:) 

VieMi=iG.,„,„ii 



1/2 



Because j,,, ^ > 0, we have 

So{Ti){x)<{\+j,,,rr 

and 



\\QiMQ,i„.s.k\ 



1/2 



lir 



lllL/'(0 



= l|5o(ri)lb'(G) < C(l +;„,,r2"iei'^''. 
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(2) Now we estimate T2{x) ^ Z f%^ig'ik'^\^i^^WiM)- Because 

(E,j,k)eA„.j>j„,, |/[< V?F2<"+2)" 

j > ju,s > 0, we have 

< (1 +;„,,)-^2('-«/2)i < (1 +;•,,, )-2('-+'-"/2)i_ 



Let 



A^^ = {(£, k)eA„\j> V/ < V^2(^+2)„^ |supp((DO,^,(x)(l.;_,(x)) n gl ^ o} 
Then we can get 



5 0(7^2) W 



< c 



1/2 



\l/2 



< C(l+j,.,)-'S,^r{g.)(x). 

Because gu(x) is a (f + r, 2", £'„)-combination atom, 

\\so{T2)\\mQ} ^ c(i + j,.sr\\s,^r(gu)\y(Q) < c(i + j^.^rriQi'"- 

(3) Since g[,{x) is a + r, 2", £'^,)-combination atom, for s > 1, (/, m') € //j,^^^, j >0 and 



Let 



= {(e,;,^) 6 A„ I > V/ < VH2<^+2'", |supp(<I)0,(x)<I);,^,(.^)) n gl ^ O} 
We have, by j„ s > 0, 



V(£,v,i:)EA,^3 



1/2 



(£,j,*:)eAe 



1/2 



By the fact that j > ju,s and / € M''J,(R"), we get 

\\s,{m\D'(Q) < c2"ie|('-«)/"(-iog2iei)-^iei'/'-('-«)/" < C2'';;:jei'/^. 

(4) Now we estimate the term T4{x). Let 

A„^4 = ^) 6 A« I y > V(e, e', j, k,!) e A,',, |supp((l>^^^,(x)<l)J_,W) n Ql ^ 
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Because / e M';Jp{R"), we have 



and 



So{T4)(x) = 



\fl,\ < C(l + ;)-2^(-«/2) < C(l + y)-2^"-+'-" 



-«/2) 



xl/2 



2 2>(1 + yr'"2^(2.+2,-„)2>.|^.^|2^(2^-,. - ^) 



Vfej,*)eA,';;i 



< C(l+j,,,rSr+r{gu)(x). 

Then we can get, by the fact that and g„ is a (f + r, 2", £'„)-combination atom, 
\\Sq(T4)\\u'(Q) < C(l+ju,sr\\S,M\\m& < C2"(l+j,„,r\Q\"". 

(5) Now we estimate the term T^ix) = 2 f^j^g^ [{<i>%ix)f - 2"j^^^°i^{x)) . 

(E,j,k)eA„.j>j„j 

Because the function (<l)^^(ji:))- - 2"^^^<l''^^(x) plays the role as that of O^^(x), we have 
l|5o(7'5)lb(0<C2"(l+;„,,ne|i/'^ 

(6) To estimate the term T^ix), we take li e L'''{Q). Let 

A^^ = 6 A„ I > \snpp(^l,JxWj/x)) n Q\ ^ 

By the orthogonality of the wavelet function, we have 



< Tfi, h> = 



(£,i,<:)Af, 



(£,;,A-)eA2 



Then 



<7'6,/^>l < J Z 2''^|/-J|^J^2«^/2|/i0^p^(2-''x-^)flfx 
< r Z 2"^|/;;j|g;,br(2-''x-^)M(/2)(xMx 



(£,V,<:)EAf^ 

By Holder's inequality and j > ju s > 0, it can be deduced that 



Z 2('-2,-2r)i|^^|2^(2^-X_^) 



1/2 



(e,j.k)ehf. 



1/2 



< C2"iei 



"imCr+O/n 



U£,7,i:)eA,^^ 
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Finally we can get 



nI/2 



(£,j,QeAf, 



\\LP'(Q) 



l/p-(r+l)/n 



< c2"iei<'-+'>/«ii-iog2ieii-iei 

< C2"\Q\""{l+j,,,,r. 



Because h takes over all functions in U' (Q), it is obvious that ||5'o(r6)||L/'(Q) < C(l + 

Step 2. Assume that < f < 1. We need to prove for g{x) - Tj(Ej.k)eA„ S"] k'^'j ^i^) 
S,(8)(x) = ( Z 2^(2'+«)|g^ |2;^(2>x -k)]' , \\S,(fg„)\y^Q) < C2"(l + j,,sr\Q\"". The 

\(e.j,k)eA„ I 

index sets A^., i - 1, 2, ■ ■ ■ ,6 are the same as Step I. 
( 1 ) For the term Ti , we have 



1/2 



^ 2>"-'("+2')2i....«(l + j^^^^)-2T22(r-«/2)y„„,22«-2(r+r+«/2);„.,227.„(«/2+0^(2-'"-';c - k) 
y.\Qj.t\=\Qj„,s.t\ 

xI/2 



1/2 



< (l+;„,,)'^2" 



Viej,ii=ie,„,,,ii 



Then we have ||ri||„-,„(2) = \\S ,(Ti)\y^Q) < C(l + ju,.r2"\Q\''P. 
(2) For the term 

(sJ,k)eA,„j>j„,, \l\< ^2l"+2)« 



we have 



nI/2 



V(£,j,«eA,f, 



< c 



(sJ,k)eA^, 



1/2 



< C(l+j,,,rSnr(8u)(x). 
Because gi,{x) is a (f + r, 2", £'„)-combination atom, we have 

\\S,{T2)\\LnQ) < C(l+j,,sr\\S,^r(gu)\\D'iQ) < C( 1+ ,,,)-^2"| 
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(3) Because gu{x) is a (f + r, 2", £„) -combination atom, for i > 1, (i,m') € Hu,s and 
Q = Qu,s.i,m', we can get < C2"-«-'/22-('+'» = 2"-"j'-\Q\^'-+'^'" and 

/ ^l/2 



,(e,7,*)eA,^3 



< C2" 



^ 2-''*"+202-«i2-('-+')v|/^j2^(2^x - ;t) 



V(£,;,i)eA,^3 



1/2 



\l/2 



2 2^-("-2,)|y^j2^(2^-^_^) 



< C2"|2|''"+"/" 

V(£,j,i:)eA,^, 

From the fact that ; > ;'„_.5 and / e M';Jp(R."), we deduce that 

(4) For the term T4{x), because / e M''J,(R") and g„ is a (f + r, 2", £'„)-combination 
atom, we have \fJJ < C(l + ;)-^2J('-"/2) and 



1/2 



<C(\+ju,srS,^r{gu)(x). 



2 2^-("+20(i + j)-2-2^'P-«)2>|g5_J V2^'^ - k) 
Then we can get 

115,(^4)1^^2) ^ C(l +7„,,)-^||5,+,(g«)lb(0 < C2"a+j,J-'\Q\"'\ 

(5) Now we estimate the term 

{B,j,k)£A,„j>j„_,, 

Because the function i'i>'^j i^{x))~ - 2"-'^^<l'°^(ji:) plays the role as that of 0^^(,x:), we have 
\\S r(T5)\\D'(Q> < C2"(l + j,,,r\Q\'/P. 

(6) For the term T(,{x), we take /; e H^' '' (Q). By the orthogonaUty of the wavelet 
functions, we have 



We can get 



1(^6, < 



r Z ^"'%kfJ,2'"hU(2^^-k)dx 



(e.j.k)eA, 



n 



jJ\fJ,\Mmx)x(2jx-k)dx. 



[B,j,k)eA^ 
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By Holder's inequality, we have 



\i/2f y/2 

xI/2 



Because j > ju^s implies that 2 < 2 j"-<^''+'\ we can get 



<T6,h>\ < C2" 



X 2(«-2'-2'-W|/|,|2;^(2^X-^) 

< c2"iei""+"/"ii - iog2 \Q\r\Q\^'"-^''^'^^" 

< cr\Q\'"'ii + j.,,sr'- 



\\LP\Q) 



Because/! takes over all functions in //-'•'''(g), we can get ||5,(r6)|b.(0 < C{l+ju,,y^2"\Q\^'P. 
This completes the proof for the case < f < 1 . 

Step 3. Now we consider the case f > 1 . In this case, there exists an integer [t] such that 

n 

[t] < t < [t] + I. For any a - (ai, q'2, ■ ■ ■ , an) e N" with lal = 2 a; = [f], the derivative 

!=I 

^ of the product fgu can be represented as 



^ dl^ 



where la] = ^| + \y\. Denote ^/(x) by //3(x) and denote j^gu{x) by g„,y(x). Applying the 
conclusion in Step 1, we only need to prove 



\\fl3gu,y\\H<-^-U, < CTq'2"\Q\"P, 



that is, ^ C2''Tq^\Q\''p. 

If is a (f + r, 2", £■„) -combination atom, then 



k). 
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Hence 



S t-M(gu,y)(x) = 



y(Bj,k)eA„ 

Siig„){x). 



xl/2 



On the other hand, if / e M';J,(R"), then 
and = 2^W/;,. We have 



\P/2 



dx<c{i-iog2\Q\rnQ\ 



\P/2 



•^Q \eeE„.Qjj,<iQ 
< C(l - log2 |g|)-/^^|g|l-''('-^i+'-+W/n^ 



\P/2 



thatis,/^(x)eM;;j^;;;(R«). 

For any cube Q, the function fp{x) - 2 f^'k ^''^ k^-"^ ^'^y dyadic cube 2 c 5„, 
we divide the product ^ ■ into the following parts. 



Tf'ix) 



Tf'(x) 



Tf'ix) 



Tf'ix) 



Tf'(x) 



Tf'(x) 



(e, A„, ;■=;■„„, |/|< -^2("+2)" 
(B.j.k)eA,„j>j„„, |/|< V572<"+2)" 

{E,j,k)£A„,j>j„,, \l\< yJTlVM+l),, 

(E,e\j,kMK„j>j,,j \l\< ^Jnl'-"*-^" 

Z /^r^I^2-/^<l.«,(x). 

(£,;,<r)eA„,;>;„„, 



Similar to the method used in the case < f < 1, we can complete the proof of the case 
f > 1 . This completes the proof of this theorem. □ 



By Theorem 14. 6 1 we can get the following lemma. 
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Lemma 4.7. Given r > 0, t > 0,1 < p < n/ir + t) and t > l/p'. Iff € M'^^piR") and gu is 
a (t + r, 2", Eu)— combination atom, then 

ll/^JI//'.. <C(1+M)-^2"|£„|'/". 

Theorem 4.8. Given r > 0, f > 0, 1 < p < n/(r + t) and t > l/p'. Iff € M^JCR"), then 
f e X',.p(W). 

Proof. By Lemma l?!?! we have 

\\fg\\H--r < J]\\fgu\\H--^ 
u>{) 



u>0 
( 



< c 



\u>0 

< c\\g\y^..,.. 



5. The sharpness for the multiplier spaces MrJ,(R") 

In this section, applying our wavelet characterization of multiplier spaces and fractal 
theory, we prove that the scope of the index of Mj^'p(R") obtained in Theorem |4.8| is sharp 
for r + t < 1 . Precisely, by Meyer wavelets, we construct a counterexample to show that 
Theorem l4.8l is not true for the case < r < lip' . 

Our key idea is to construct a group of sets Cj composed by special dyadic cubes and 
fractal set H with HausdorfF dimension n - (t + r)p. Denote by S s the union |J Q and 

// = n "^ .s- By the above dyadic cubes 5 s > 0, we construct a special L'' function gix), 
which is bounded on S s\S s+i for all i > 1. The fractional integration Ir+tg{x) bumps on 
the fractal set H. Then we construct a multiplier f{x) such that its wavelet coefficients are 
based on these special dyadic cubes Cs for all i > 1 . Applying our wavelet characterization 
of multiplier spaces, we prove that the product of the above multipher f{x) and the function 
Ir+tg{x) will go out the desired space II''''{R"). 

For the above purpose, we give first another characterization of X'.p(W) associated with 
the fractional integration. Let ^^(x) > 0, ^^(x) e C^(BiO, 2)) with ^'(x) = 1 on B(0, 1). We 
know that g e //'+''''(R") if and only if there exists g 6 LP(W) such that g{x) - J,+rg{x) - 
J g(ym\x - y\)\x - y\'+'-"dy. For g € L^(R"), let gj,k = / (I'j + \y- 2-'k\)'^''-"g(y)dy. We 
define the following function space. 
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Definition 5.1. Given r > 0, f > and 1 < p < «/(r + f). For f{x) = 2 /'^^(D'^^(x), 

(E,j,k)eA„ ■'• ■'' 



f e Q'.^piR") if and only if 

r ( ^''''^ 



dx < C, 



\(s,j,k)eA„ 

where g e L''(R") and g(x) > 



Let/W= 2: ff^m^{x)andh{x)= 2 /i^,0^,(x). Define 



Similar to Claim 2 in Theorem 13. 3 1 we can get 

Lemma 5.2. Given f > 0, r > and t + r < \ < p < n/{t + r). Let g € //'+'''-''(R") and 
h e (R"). The function f{x) e 5*p'(R") i/an^^ owZy if 

I {U{f,hX g) I < C||§||H,-«,.(M»)PllH-'y(R")- 

Now we give another characterization of X'.^/R"). 

Theorem 5.3. Given f > 0, r > one/ f + r < 1 < p < n/(t + r). f e Xj.^(R") i/ant/ onZy ;/ 
/eM;._„(R") and f e Q',.p(W). 

Proof. By modifying the coefficients such that fjj^'^ji. - \f'ji\\^'^]i^' we could suppose g(y) > 



0. By Theorem 13. 3 1 (ii) and Lemma [01 we know that / 6 Sfjp(W) is equivalent to 



(5.1) // Z \fj,\m'"'^(2^- - km\- - y\) 1^ 4r<'--> 



< C\\g\\u,\\h\\f,-,yyg>0. 
By a calculation of the integral associated to dx, we get 

J 2>'<l)(2-'x - ;t)>F(|x - y\)\x - yr'-"dx ^ {l'^ + \y- 2-^k\f^''-"\ 
So ( 15. Il l is equivalent to the following inequality: 

(5.2) r ^ l/JJI/i ■,l(2-^' + ly - 2-ik\)'^'-"g{y)dy < C\\g\y\\h\\H-y , > 0. 

^ {s,j,k)eA„ 

That is to say 



(5-3) / /^^g^ 2n/J,l|/.-,k(2^x - k) ^ !^g,^|^„_,,, dxdy 

< C\\g\\Mn-,.,,'ig>0. 
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Let S-Mx) = 2 2^("-2')|/,E |2^(2^x - k)\ .We have \\S -M,y ^ \\h\\[j-,y . Then the 

\{s,j,k)£A„ I 

inequality ( 15.31 ) is equivalent to 



(5.4) j ^ 2^'"''%f\gj,,fx(2^x- 



k) 



\{B,j,k)e\„ 



p/2 



dx<C\\8\\'','^g>0. 



The above inequality is equivalent to / € Q'^p{W). a 
Theorem 5.4. IfO<T< y, there exists f e Mj.;Ji(R") such that f does not belong to 

Proof. We use Meyer wavelets and suppose that e = - ,1) and <1)^(0) > 0. First of 

all, we construct a group of self similar cubes [Qu] such that the limitation is a set with 
Hausdorff measure n - {t + r)p. 

We construct two series of integers {tj}j>i and {v.5)j>i such that vi = max 2^^^^^" 

1 ^ < [;n7?7)^] - - "i^^{[;n7T7Sj]'2*™}- Denote cr, = t,- and m, = 

l</<5' 

2 Vi- We take t, such that there exists C > satisfying that 2"'^.-^"-(t+r)p)u, > 2-«"> 
i<i<j 

and hm 2"'^'-(«-('+'->'^>"' = C and « - (r + r);? = lim For t, and v„ denote /, = 
('i,i, '.5,2, ■ ■ ■ , e Z'^Q, if /, e Z" and for 1, 2, ■■■,«, we have < < 2^'^' or 
< /,,/ + 2'"'-' - 2"' < T^'-K Denote Z*; = Z'; ^ and for s>2, denote yt, € Z^, if there exists 
e Z"_j and Z,. e Z";, such that A:,, = 2'''ks-\ + /.,. 

We divide the unit dyadic cube - [0, 1]" into 2'" ' dyadic cubes. Then we re- 
serve the 2'""' dyadic cubes which are near the 2" vertex points, that is, we reserve C\ - 
: h e Z" q| and denote x e S \,\f there exists li e Z" ^ such that x € ■ 

For the dyadic cube Qv,,/, £ Ci, we divide it into 2'"'- dyadic cubes, we reserve the 2"'^- 
dyadiccubes which are near the 2" vertex points, that is, we reserve C2,/, - [Qu^x^-it+bJi 6 Z" 
For i = 2, denote C2 = {2i„,a-2'^2 = 2''-/i + l2,hJ2 6 Z"q| and denote x e S2, if there ex- 
ists k2 e Zj such that x e Qu^.k^- 

We continue this process until infinity, we get a series of dyadic cubes Cs and sets S s- 
We know that \S s\ = 2"*°"'""'' and the limitation of {S s} is a fractal set H with Hausdorfl" 
dimension n - (t + r)p. 

For i > 1, let Mx) = 2 a-, 4*;;, where /_;^ = ^-i/;y2-"'..2('+''>"'. Let /(jc) = 

2n.,.A-,, CC, 

2 Applying the wavelet characterization of Morrey spaces, / e M'^^J'' (R"). In fact, 

i>i 

for s,l > I and any cube Q with 2-""-' < Igl < 2^""', we have \Q n < 
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(-2-«(t^»/-'^.)-«".. Hence we get 



I 

r ^ 2"'("+2'>i-2/p'2-2r«,22('-+')«,^(2«..jc _ k,) 

^Q\^s^\ n . i-n 



dx 



Jen(S,,+,\S5+,+i) 



\P/2 



^ 2"'("+2')j-2/p'2-2'«.22('-+')"-;(/(2"'x - A:,) 



< (i-iog2ieir"^'''iei 



Let 5 be a sufficient small positive real number. For Vx € [0, 1]"\5' i, then g{x) - 1. For 
i > 1 and X € SASs+u we take g{x) = i-i/''[log2(l + i)]-(i+'5)/P2('+'')'''. Then we have 
g e L''([0,1]"). In fact. 



J [0,1]" 



= r g"(x)dx + V r g'^(x)flfx 

J[o,i]"\5, 

- r ^"'[iog2(i+i)]"^'^'''2"+'-^^"'t^x 

.S'>1 •^'^.A'^.s+l 

< C J] [log2(l + s)]-(i+«2('+^>''"'2"<'^'-"'' 



< C. 



Now we estimate the coefficients \gu^,k,\- We divide the estimate into two cases. 
(l)For dist(e„„,„5,)<2-"'. 



8j.k 



= g(y)(2-"' + \y-2-"'k,\f^'-^"^dy 

+ f '"'^"[log2(l + 0]-^'+'^'^''2"("'-'^''^'^(2-'" + \y- 2-"'k,\f^''-"^dy 

\<l<s-\ -JSiXSm 



l</<.!-l 



> *l^'^'[log2(l+.)] 



-{\+6)lp 



(2) For dist {Qu^^k,, S s) > 2 "% there exists / < s such that Qu„k, c S n \S It is easy to 
see that g^k is equivalent to [logjCl + O]"^'^'*''''- 
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Finally, we have 

r( 

^ \(Bj,k)eA„ J 
s>l Vdist(a„j-,,5,,)<2""' 



dx 



i>2 l^dist (a,.,,i,,,5,,)<2-"' 

.,-«,) 



> 2[log2(l + i)]-(i+'5)2('+'-)f"'2"<'"'-"'' 

s>2 



i>2 

This completes the proof. □ 

6. An APPLICATION TO ScHRODINGER TYPE OPERATORS WITH NON-SMOOTH POTENTIALS 

In Ol, the multipUers from //'•^(R") to //-' -(R") were studied by V. Maz'ya and I. E. 
Verbitsky. For a Schrodinger operator L = / - A + V, they established many sufficient and 
necessary conditions such that V is a multiplier from H''^(R") to // '-^(R"). In this section, 
we give an application of the wavelet characterization of X\pi^") to the Schrodinger type 
operator / + (-A)'''^ + V. 

For y e MY,p{^'), (r > 1///) and g{x) 6 Z/'-pCR"), we want to find a solution / € 
i/'+''-P(R") to the equation 

(6.1) (/ + (-Ay/2^V)/(x) = gW. 

Remark 6.1. Fixed r > 0, f > and 1 < p < n/(r + f). 

(i) If there exists a 5 > such that ||V||c'+'+.> is sufficient small, according to the 
continuity of Calderon-Zygmund operator (/ + (-A)'^^^)(/ + (-A)*^^^ + V)"', the 
equation ( 16.11 ) can be solved easily. But if we consider a non smooth potential 
y e M''J,(R"), applying the same proof in Lemmas 12.61 and IZTl it is possible that 
y is not a L°° function. 

(ii) The condition r > \jp' can not be weaken to r > 1//?'. In fact, according to our 
counterexample in §5, if r + f < 1, there exists some y e M';y'''(R") such that the 
operator / + (-A)'/- + y is not continuous from //'+''''(R") to //'-''(R"). 

Now, we use our sufficient condition of multiplier spaces X^p(R") to get ffie solution 
of the equation (6.1). We need the following two operators. For f, r > 0, let ^ = [/ + 
(-A)'/2][/ + (-A)'^/2] and 5 V = [/ + {- l^)"-\yT;) . In the following lemma, we prove that 
the operator 5,,, = [/ + (- A)'/-] yr,;/ is bounded on L''(R") 
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Lemma 6.2. Given r > 0,t > 0,1 < p < n/{r + t) and t > l/p'. IfV{x) € M';Jp(W'), 
the operator S ,,r is bounded from W(R") to L''(R") with the operator norm less than 
Ct,r,T,p\\y\\M'-^ ' where Ct,r,T,p denotes a constant associated with t, r, t, p. 



Proof. By TheoremgJ] for any / e LP(R"), we have 

\\s,,rf\\D' < \\[i + (-A)'/2]yr,-i/ib, < ||yr-,7ii„,.. 

< Q,,,,,||yiu-..||r,-i/||ff... < Cr,,rjv\w.rj\fh,,. 

Then S is a bounded operator on L''(R.") with the norm less than C,-,/,T,p|| . □ 
In the following lemma, we prove that (/ + S,j) is invertible in L''(R") and the inverse 

oo 

(/ + 5,,,)"' can be written formally as Z (-l)"'^",. 



n=0 



Lemma 6.3. Given r > 0,t > 0,1 < p < n/(r + t) and t > l/p'. If \\V(x)\\i^i.r^ < l/Cr,t,T,p, 
the operator I + S,^r is invertible in L''(R"). 



Proof. By Lemma l6^ the operator 5,, r is bounded on L''(R"). Hence for any / e D'iR"), 

oo oo oo 

11=0 ij) n=0 n=0 

T < llCr,i,T,p, the above series is convergent in L''(R"). Further, 



If 



Y,i-irsi = ^(-i)«5«,-;^(-iy'5«,=/. 



Similarly, we can also get 
invertible in L''(R"). 



2:(-i)"5;', 

n=0 



(I + St,r) — I, that is, the operator I + S ur is 

□ 



Theorem 6.4. Given r > 0,t >0,1 < p < n/(r + t) and t > l/p'. 7/' ||y||^;,r < 1 /Cr,t,T,p, 
then for g{x) 6 (R"), there exists a unique solution f{x) 6 W^'^PiR") for equation (6.1). 

Proof Because g G H'-p(W), we have g = (I + (-A)"^)g{x) e L''(R"). By LemmajO] the 
operator (/ + St,,) is invertible in L''(R."). Hence we can get there exists a unique solution 
to the following equation in L''(R"), 

(6.2) (7 + 5,,,)/ = I, 

where g e L^iW). Hence for above g e L''(R"), 

/ = (7 + Sr,r'~8 = (/ + S,,r)-Ul + (-A)"\(x) e L'^(R«) 

is a solution to the equation (O- Write / = (7 + (-Ay'^Hl + (-A)'/")-'/. Then f(x) e 
U'(R") is equivalent to / e 77'"^'"'' (R"). It is easy to verify that / is a solution to the equation 
( 16.1b . This completes the proof. □ 
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